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ABSTRACT: As an example of the application of ࡵ-function in applied mathematics, in this paper first we 
establish two integrals involving the product of ࡵ-function, ࡹ-series and Chebyshev Hermite polynomials and 
then we make its application to solve a boundary value problem on heat conduction. 
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INTRODUCTION 

The ܫ-function defined by Saxena8, has been further studied by other workers6, 7 & 9. In this paper, we will 
define and represent the ܫ-function in the following manner: 
 

௉೔,ொ೔∶ோܫ
ெ,ே [ݔ] = ௉೔,ொ೔∶ோܫ

ெ,ே ቎ݔ ቮ
൫ ௝ܽ,ߙ௝൯ଵ,ே; ൫ ௝ܽ௜ ௝௜൯ேାଵ,௉೔ߙ,

൫ ௝ܾ,ߚ௝൯ଵ,ெ; ൫ ௝ܾ௜ ௝௜൯ெାଵ,ொ೔ߚ,

቏ =
1

݅ߨ2
න (1.1)														,	ߦక݀ݔ(ߦ)߶
ℒ

 

Where; 

(ߦ)߶ =
∏ Γ( ௝ܾ ெߦ௝ߚ	−
௝ୀଵ ) 		∏ Γ(1−	 ௝ܽ + 	 ேߦ௝ߙ

௝ୀଵ )

∑ ቄ∏ Γ(1 −	 ௝ܾ௜ + ߦ௝௜ߚ	
ொ೔
௝ୀெାଵ ) 		∏ Γ( ௝ܽ௜ ߦ௝௜ߙ	−

௉೔
௝ୀேା	ଵ )ቅோ

௜ୀଵ

.																						(1.2) 

 
where ℒ is the path of integration separating the increasing and decreasing sequences of the poles of the 
integrand and the convergence, existence conditions and other details of the ܫ-function, given in the 
literature9. 
The M-Series is a particular case of the H-function of Inayat-Hussain3. The generalized hypergeometric 
function and Mittag-Laffer function follow as its particular case4&5. We defined the M-Series as follows: 
 

௤ܯ
ఈ ൫ܽଵ … .ܽ௣; ܾଵ … . ܾ௤;ݔ൯ = ෍

(ܽଵ)௞ … … … … ൫ܽ௣൯௞
(ܾଵ)௞ … … … . ൫ܾ௤൯௞

∞

௞ୀ଴

	
௞ݔ

Γ(݇ߙ + 1)௣ 															(1.3) 

 
Here ߙ	߳	C, R(ߙ)> 0, and ൫ ௝ܽ൯௞ , ( ௝ܾ)௞ are pochammer symbols. The series (1.3) is defined when none of 

the denominator parameters ௝ܾ′ݏ,	j = 1,2, … … .  is a negative integer or zero, if any parameters ௝ܽ is ݍ
negative then the series (1.3) terminates into a polynomial in ݔ. By using ratio test, it is evident that the 



[(Asian J. of Adv. Basic Sci.: 3(1), 2014, 74-77) Application of Product of Chebyshev Hermite Polynomials, ܫ-Functio … 
] 

75 
 

series (1.3) is convergent for all	ݔ, when ≥ |ݔ| it is convergent for , ݌ 	< 	1 when ݌	 = ݍ	 + 1, divergent 
when ݌	 > ݍ	 + 1. In some case the series is convergent for ݔ	 = 	1, 	ݔ = 	−1. Let us consider; 

ߚ = 	෍ ௝ܽ

௣

௝ୀଵ

−෍ ௝ܾ

௤

௝ୀଵ

. 

When ݌	 = ݍ	 + 1,the series is absolutely convergent for |ݔ| = 	1 if R(ܾ) 	< 0, convergent for ݔ	 = 	 −1, 
if  0≤ ܴ(ܾ) < 1, and divergent for |ݔ| = 	1, if 1 ≤ ܴ(ܾ). 
 
Formulae Required: In this paper, we shall make application of the following well known integrals: 

 

නݔଶఘ݁ି௫మ ଶ⁄ ݔ݀(ݔ)ଶ௡݁ܪ =
2ఘା௡ା

ଵ
ଶ	Γ ቀߩ + 1

2ቁΓ(ߩ + 1)

Γ(1 − ݊ + (ߩ

∞

ି∞

,																															(2.1) 

නݔଶఘାଵ݁ି௫మ ଶ⁄ ݔ݀(ݔ)ଶ௡ାଵ݁ܪ =
2ఘା௡ା

ଷ
ଶ	Γ ቀߩ + 3

2ቁΓ(ߩ + 1)

Γ(1 − ݊ + (ߩ

∞

ି∞

.																									(2.2) 

Where;  ߩ ≤ ߩ,݊ = 0,1,2,⋯ ;݊ = 0,1,2,⋯. 
 
Integrals: The following integrals to be evaluated here:  

නݔଶఘ݁ି௫మ ଶ⁄ (ݔ)ଶ௡݁ܪ ௤ܯ
ఛ

௣ ൣ൫݃௣൯; ൫ℎ௤൯;ܽݔଶఓ൧ܫ௉೔,ொ೔∶ோ
ெ,ே ݔ݀	[ଶఙݔݖ] = 2ఘା௡ା

ଵ
ଶ

∞

ି∞

 

• ෍ܫ(݇)ܯ௉೔ାଶ,ொ೔ାଵ∶ோ
ெ,ேାଶ ቎2ݖఙ ቮ

ቀ1
2− ߩ − ቁߪ,݇ߤ , ߩ−) − ,(ߪ,݇ߤ ൫ ௝ܽ,ߙ௝൯ଵ,௡

; ൫ ௝ܽ௜ ௝௜൯௡ାଵ,௣೔ߙ,

൫ ௝ܾ,ߚ௝൯ଵ,௠; ൫ ௝ܾ௜ ௝௜൯௠ାଵ,௤೔ߚ,
, (݊ − ߩ − (ߪ,݇ߤ

቏ ,
∞

௞ୀ଴

							(3.1) 

Where; ߪ > ߩ,0 ≤ ߩ,݊ = 0,1,2,⋯ ;݊ = 0,1,2,⋯	and 

(݇)ܯ =
∏ ൫݃௝൯௞
௣
௞ୀଵ

∏ ൫ℎ௝൯௞
௤
௞ୀଵ

2ఓ௞ܽ௞

Γ(߬݇ + 1)
.																																																				(3.2) 

නݔଶఘାଵ݁ି௫మ ଶ⁄ (ݔ)ଶ௡ାଵ݁ܪ ௤ܯ
ఛ

௣ ൣ൫݃௣൯; ൫ℎ௤൯;ܽݔଶఓ൧ܫ௉೔,ொ೔∶ோ
ெ,ே ݔ݀	[ଶఙݔݖ] = 2ఘା௡ା

ଷ
ଶ

∞

ି∞

 

• ෍ܫ(݇)ܯ௉೔ାଶ,ொ೔ାଵ∶ோ
ெ,ேାଶ ቎2ݖఙ ቮ

ቀ−1
2− ߩ − ቁߪ,݇ߤ , ߩ−) − ,(ߪ,݇ߤ ൫ ௝ܽ,ߙ௝൯ଵ,௡

; ൫ ௝ܽ௜ ௝௜൯௡ାଵ,௣೔ߙ,

൫ ௝ܾ,ߚ௝൯ଵ,௠; ൫ ௝ܾ௜ ௝௜൯௠ାଵ,௤೔ߚ,
, (݊ − ߩ − (ߪ,݇ߤ

቏ ,			(3.3)
∞

௞ୀ଴

 

Where; ߪ > ߩ,0 ≤ ߩ,݊ = 0,1,2,⋯ ;݊ = 0,1,2,⋯	and ܯ(݇) is given by (3.2). 
 
To establish (3.1), we using series representation for ܯ-series as given by equation (1.3), and the ܫ-
function in terms of Melline – Barnes type contour integral as given in (1.1), changing the order of 
integration and summation we find that 

1
݅ߨ2

න (ߦ)ߠ ൥෍ (݇)ܯ	
∞

௞ୀ଴

൝ න ଶఘାଶఓ௞ାଶఙక݁ି௫మݔ ଶ⁄ ݔ݀(ݔ)ଶ௡݁ܪ
∞

ି∞

ൡ൩ ,ߦక݀ݖ
	௜∞

ି௜∞

 

Evaluating the ݔ - integral with the help of the integral (2.1) and finally interpreting it with (1.1), we 
arrive at the integral (3.1). The proof of the integral (3.3) can be developed in the similar manner. 
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Application to Heat Conduction: In this section, we consider a problem on heat conduction under 
certain conditions. We discuss the following equation: 

ݑ߲
ݐ߲

= ݇ ቆ
߲ଶݑ
ଶݔ߲

ቇ −
1
2
݇ ቆ

ଶݔ

2
− 1ቇ ∞−)														,ݑ < ݔ < ∞),																	(4.1) 

Where; ݔ)ݑ, |ݔ| is maximum and when ݐ tends to zero, if the value of (ݐ → ∞ and ݔ)ݑ, 0) ≡  .(ݔ)ݑ
Equation (4.1) related to the problem of heat conduction [2, p. 134 (4)]: 

ݑ߲
ݐ߲

= ݇ ቆ
߲ଶݑ
ଶݔ߲

ቇ −  (4.2)																																																																								,ݑܪ

in infinite region (−∞ < ݔ < ∞), while ܪ = ଵ
ଶ
݇ ቀ௫

మ

ଶ
− 1ቁ. 

 
Solution of the problem: We may assume that the general solution of partial differential equation (4.1) 
to be [1, p. 32 (5.1), p. 33 (5.3)]: 

,ݔ)ଵݑ (ݐ = ෍ܥଶ௡݁ିଶ௞௡௧ି௫
మ ସ⁄ (5.1)																																												,(ݔ)	ଶ௡݁ܪ	

∞

௡ୀ଴

 

Where; 

ଶ௡ܥ =
1

(2݊)! (ߨ2)√	
නݑଵ(ݔ)݁ି௫మ ସ⁄ (5.2)																																,ݔ݀	(ݔ)	ଶ௡݁ܪ	
∞

ି∞

 

and 

,ݔ)ଶݑ (ݐ = ෍ܥଶ௡ାଵ݁ି௞(ଶ௡ାଵ)௧ି௫మ ସ⁄ (5.3)																															,(ݔ)	ଶ௡ାଵ݁ܪ	
∞

௡ୀ଴

 

Where; 

ଶ௡ାଵܥ =
1

(2݊ + (ߨ2)√	!(1
නݑଶ(ݔ)݁ି௫మ ସ⁄ (5.4)																					,ݔ݀	(ݔ)	ଶ௡ାଵ݁ܪ	
∞

ି∞

 

 Now we shall consider the problem of determining ݑଵ(ݔ, ,ݔ)ଶݑ and (ݐ  ;where, let ,(ݐ
 

,ݔ)ଵݑ 0) ≡ (ݔ)ଵݑ = ଶఘ݁ି௫మݔ ସ⁄ ௤ܯ
ఛ

௣ ൣ൫݃௣൯; ൫ℎ௤൯;ܽݔଶఓ൧ܫ௉೔,ொ೔∶ோ
ெ,ே  (5.5)																[ଶఙݔݖ]

and 
,ݔ)ଶݑ 0) ≡ (ݔ)ଶݑ = ଶఘାଵ݁ି௫మݔ ସ⁄ ௤ܯ

ఛ
௣ ൣ൫݃௣൯; ൫ℎ௤൯;ܽݔଶఓ൧ܫ௉೔,ொ೔∶ோ

ெ,ே  (5.6)											.[ଶఙݔݖ]
 
 Combining (5.2) and (5.5) and making the use of integral (3.1), we derive; 

ଶ௡ܥ =
2ఘା௡

(2݊)! (ߨ)√	
෍ܫ(݇)ܯ௉೔ାଶ,ொ೔ାଵ∶ோ

ெ,ேାଶ ቎2ݖఙ ቮ
ቀ1

2− ߩ − ቁߪ,݇ߤ , ߩ−) − ,(ߪ,݇ߤ … , …
… , … , (݊ − ߩ − (ߪ,݇ߤ

቏ .				(5.7)
∞

௞ୀ଴

 

 Similarly from (5.3), (5.6) and (3.3), we obtain; 

ଶ௡ାଵܥ =
2ఘା௡ାଵ

(2݊ + 1)! 	ඥ(ߨ)
෍ܫ(݇)ܯ௉೔ାଶ,ொ೔ାଵ∶ோ

ெ,ேାଶ ቎2ݖఙ ቮ
ቀ−1

2 − ߩ − ቁߪ,݇ߤ , ߩ−) − ,(ߪ,݇ߤ … , …
… , … , (݊ − ߩ − (ߪ,݇ߤ

቏ .
∞

௞ୀ଴

 

(5.8) 
Putting the value of ܥଶ௡  from (5.7) in (5.1) and the value of ܥଶ௡ାଵ from (5.8) in (5.3), we get the 
following required solution of the problem respectively: 

,ݔ)ଵݑ (ݐ =
2ఘ

ඥ(ߨ)
෍ ቆ

2௡

(2݊)!	
ቇ ݁ିଶ௞௡௧ି௫మ ସ⁄ (݇)ܯ	

∞

௞,௡ୀ଴
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• ௉೔ାଶ,ொ೔ାଵ∶ோܫ
ெ,ேାଶ ቎2ݖఙ ቮ

ቀ1
2− ߩ − ቁߪ,݇ߤ , ߩ−) − ,(ߪ,݇ߤ … , …

… , … , (݊ − ߩ − (ߪ,݇ߤ
቏݁ܪଶ௡(ݔ)																	(5.9) 

and 

,ݔ)ଶݑ (ݐ =
2ఘାଵ

ඥ(ߨ)
෍ ቆ

2௡

(2݊ + 1)!	
ቇ ݁ି௞(ଶ௡ାଵ)௧ି௫మ ସ⁄ (݇)ܯ	

∞

௞,௡ୀ଴

 

• ௉೔ାଶ,ொ೔ାଵ∶ோܫ
ெ,ேାଶ ቎2ݖఙ ቮ

ቀ−1
2 − ߩ − ቁߪ,݇ߤ , ߩ−) − ,(ߪ,݇ߤ … , …

… , … , (݊ − ߩ − (ߪ,݇ߤ
቏݁ܪଶ௡ାଵ	(ݔ).										(5.10) 

 
Special Cases: 
i. On putting ߬ = 1, the ܯ-series reduces to generalized hypergeometric function ܨ௤௣  and we get (ݔ)

the solution of (4.1) in the product of Chebyshev Hermite polynomials, generalized hypergeometric 
function and ܫ-function. 

ii. On choosing݌ = ݍ = 0, i.e. no upper and lower parameters the the series reduced to the Mittag-
Leffler function. 

iii. On reducing ܯ-series into unity and ܫ-function into Fox’s ܪ-function we get the solution of (4.1) in 
terms of ܪ-function, which are given by Bajpai [1, p.33 (5.7) & (5.8)]. 
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