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ABSTRACT: The measures of nearness between two or more objects with respect to a specific characteristic are
parameter of the nearness. In D-metric space thereby which it has been possible to determine the geometrical near-
ness, generalized metric D is a slight variant of two metric. Fisher *%® obtained related fixed point theorems on two
complete metric spaces. Inspired by his work, in this paper we prove a related fixed point theorem on two complete

D-metric spaces.
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INTRODUCTION: Géhler °® % introduced the con-
cept of 2-metic and Dhage" introduced the concept of
generalized metric space (D-metric space) and proved
several fixed point theorems in this space. Further,
Rhoades’, Raju Rao and Bhishma Rao®, Veerapandi
and Chandrashekhar Rao™, Dhage, Pathan and
Rhoades®, Singh and Sharma™ etc. also used this con-
cept in a fixed point frame work.

PRELIMINARIES

DEFINITION 1: Let X be a non-empty set. A gener-
alized metric (or D-metric) on X is a function from X
x X x X to the set of real numbers satisfies the follow-
ing conditions:

(D-1) D(x, v, z) > 0 and equality holds if and only if x
= y = Z,
(D-2) D(X, Y, 2) =D(y, X, 2) = ....... .. (Symmetry),

(D-3) D(x, ¥, z) < D(x, ¥, @) + D(x, &, 2) + D(a, y, )
(Rectangle inequality), for all x, y, z, ain X.

The pair (X, D) is called generalized metric space (or
D-metric space).

The following functions given by Dhage [1] defined
on X x X x X = R, where X is a non-empty set, as

() D(x, y, z) = max {d(x, y), d(y, 2), d(z, X)},

(i) D(x, ¥, 2) =d(x, y) + d(y, 2) + d(z, x)

for all x, y, z in X, are D-metrics, where d is ordinary
metric on X.

DEFINITION 2: A sequence {x,} of points in a D-
metric space X is said to be D-convergent and con-
verges to a point x € X, if for € >0 there exists ny €
N such that

D(Xm, Xn, X) <, forall m, n>n.

DEFINITION 3: A sequence {x,} of points in a D-
metric space X is said to be D-Cauchy, if for ¢ >0
there exists nye N such that

D(Xm, Xn, Xp) < €, forallm>n, p> n,.

DEFINITION 4: A D-metric space (X, D) is said to
be complete if every D-Cauchy sequence in X con-
verges to a point in X.

DEFINITION 5:  Aself-map T of a D-metric space
X is said to be continuous if Tx, —TX, whenever
Xp—> X.

Fisher obtained related fixed point theorems on
two complete metric spaces. Inspired by his work, we
prove a related fixed point theorem on two complete
D-metric spaces. Before stating our results, we men-
tion a lemma given by Dhage® which will be required
in the sequel.

LEMMA 1: (D-Cauchy Principle ). Let {y.} be a
bounded sequence in a D-metric space X with D-
bound k satisfying
D(yn: yn+1:ym) < }\‘n k
forallm>n e N,
Cauchy:.

4 &5

0< X <1. Then {y.} is D-

MAIN RESULTS:
We prove the following related theorem:

THEOREM: Let (X, D) and (Y, D,) be bounded and
complete D-metric spaces. If T is a continuous map-
ping of X into Y and S is a mapping of Y into X satis-
fying the inequalities

Q) Df (STx, STX', STX") < o max {D;(x, STx, STX)

D,(x, STX', STX"),
D (%, X, STX') Dy(X', X", STX"),
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D; (%, X', X") D1(STx, STX', STX"),
Di(x’, STX', STX") Do(Tx, TX', TX")},

(2) D3 (TSy, TSy, TSy") < a max {D.(y, TSy, TSY)
Dy(y, TSy, TSy"),
Du(y, ¥, STY) Da(y, ¥, TSY"),

Da(y, ¥, ¥') Do(TSy, TSy, TSY"),
D (Y, TSy, TSy") Dy(Sy, Sy, Sy")},

for all x, X, X"in X andy, ¥y, y'inY,where 0 <a <
1, then ST has a unique fixed point z in X and TS has
a unique fixed point w in'Y. Further, Tz = w and Sw =
z

PROOF: Let x be an arbitrary point in X. Define
sequences {x,} and {y,} in X and Y respectively by x
= Xo, (ST)™X = X,, T(ST)"x =y, forn=1, 2, ..... . By
inequality (1), we have

D2 (X, Xns1, Xns2) = D2 (STXn1, STa, STX 1)
< oo max{D1(Xn-1, STXn-1, STXn) D1(Xn, STXn, STXn+1),
D1(Xn-1, Xn, STXn) D1(Xn, Xn+1, STXn+1),
Di1(Xn-1, Xn, Xn+1) D1(STXn-1, STXn, STXn+1),
D1(Xn, STXn, STXn+1) D2(TXn-1, TXn, Xn+1)}
= o max {D1(Xn-1, Xn, Xn+1) D1(Xn, Xn+1, Xns2),
D1 (Xn-1, Xny Xn+1) D1(Xn, Xns1, Xns2),
D1 (Xn-1, Xny Xn+1) D1(Xn, Xns1, Xns2),
D1(Xn, Xn+1s Xns2) Da(Yn, Yo, Yoe2)}
which implies that

D1(Xn, Xn+1, Xa2) < o Max {Di(Xn-1, Xn, Xn+1), D2(Yn,

Y1, Yne2) }-
Now, there are two cases:

Case | (@): If max{Di(Xn-1, Xn, Xn+1), D2(Yn, Yn+1,
yn+2)} = Dl(Xn—I, Xn, Xn+1), then Dl(Xn, Xn+1, Xn+2) <
o D1(Xn-1, Xn, Xn+1) @nd it now follows by induction
that

D1(Xn, Xn+1y Xne2) < " D1(Xo, X1, Xa).

Case I(b): If max{Di(Xn-1, Xn, Xn+1), D2(Yn, Yn+1, Yn+2)}
= D1(Yn, Yn+1, Yne2), then

(3) D1(Xn, Xn+1, Xn+2) < 0 D2(Yn, Yne1s Yns2)-

By (2), we have

D3 (Y Yast, Ynsz) = D5 (TSYns, TSYi, TSYiea)
< o max {D2(Yn-1, TSYn-1, TSYn) D2(Vn, TSYn, TSYn+1),
Da(Yn-1, Yo TSYn) Da(Yns Yosts TSYnea),
Da(Yn-15 Y Yn+1) Do(TSYn-1, TSYn, TSYn+1),
D2(Yn, TSYn, TSYn+1) D1(S¥n-1, S¥n, SYn+1)}-

= o Max {Da(Yn-1, Y, Yn+1) D2(Yn, Yn+1, Yns2),
Da(Yn-1, Yo, Yn+1) D2(Yn, Yns1, Yns2),

Da(Yn-1, Yo, Yn+1) D2(Yn, Yns1, Yns2),

Da2(Yn, Yn+1s Yn+2) D1(Xn-1, Xn, Xn+1)}

which implies that

Dz())/i, Y1, Ynez) < o0 MaxX{Da(Yn-1, Yn, Yn+1)s D1(Xn-1, Xn,
Xn+1) s

Case 11(a): If max Dao(Yn1, Ynr Yne1)y D1(Xn-1, Xoy Xne1)}
= DZ(yn—ll yn: yn+1):

Then;  Da(Yn, Yotz Yvz < o0 Da(Yn1, Yoo Yaer) and it
follows by induction that

Dz(yn, Yn+1s Yn+2)§ Oﬂn_l Dz(y1, Y2, y3)'

Case 11(b): If max {Da(Yn-1, Yn, Yn+1), D1(Xn-1, Xn, Xns1)}
= Dl(Xn—I, Xn, Xn+1): then

(4) Da(Yn, Yn+1, Yns2) < o D1(Xn-1, Xn, Xxe1).
From (3) and (4), we get

2
Di1(Xn, Xn+1, Xx2) < 0 D1(Xn-1, Xn, Xn+1).
By induction, we again have

2
D1(Xn, Xns1, Xxr2) < 0" Di(Xo, Xq, X2).

Letting n tend to infinity in all cases, it now follows
by Lemma 1 that {x,} is a D-Cauchy sequence
with a limit z in X and {y,} is a D-Cauchy sequence
with a limitw inY.

Using continuity of T, we now have
w=limyna= limTx,=Tz.

Further, usinréfﬁ), we gréfw

D2 (STz, Xq, Xps1) =D?(STz, STXq1, STy)

< a max {Di(z, STz, STXy.1) D1(Xn.1, STXn.1, STXp),

D1(z-, Xn-1, STXn-1) D1(Xn-1, Xn, STXn),

D1(z, Xn-1, Xn) D1(STZ, STXn1, STXn),

D1(Xn-1, STXn-1, STXn) D2(TZ, TXn-1, TXn)}

= oo max {D1(z, STz, Xn) D1(Xn-1, Xn, Xn+1),

D1(z., Xn-1, Xn) D1(Xn-1, Xn, Xn+1),

D1(z, Xn-1, Xn) D1(STz, X, Xn+1),

D1(Xn-1, Xny Xn+1) D2(TZ, Vi, Yn+1)}

Letting n tend to infinity, we obtain

D2 (STz z, 2) < a max {Di(z, STz, 2z) Di(z, z, 2),
Di(z, z, 2) Dy(z, z, 2),

Di(z, z, 2,) D1(STz, z, 2), D1(z, 2, ) Do(Tz, W, W)}
=0

which yields
STz=z=Sw.

Similarly, applying (2), we have

D2 (TSW, Yo, Yns1) = D3 (TSW, TSYy1, TSyn)

< o max {Da(w, TSW, TSYn-1) D2(Yn-1, TSYn-1, TSYn),

Da(W, Yn-1, TSYn-1) Da(Yn-1, Yn, TSYn),

D2(W, Yn-1, Yn) D2(TSW, TSYn.1, TSYn),

Da(Yn-1, TSYn-1, TSYn) D1(SW, Syn.1, Syn)}

= oo max {D2(w, TSW, ¥n) D2(Yn-1, ¥n, Yn+1),

Da(W, Yn-1, Yn) Da(Yn-1, Yo, Yne1),

Da2(W, Yn-1, Yn) D2(TSW, Yn, Yn+1),
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Da(Yn-1, Y Yn+1) D1(SW, X1, %)}
Letting n tend to infinity, we simple get
D3 (TSw, w, w) <0
which implies

TSw=w=Tz.

Hence z is a fixed point of ST and w is a fixed point
of TS.

To prove uniqueness of z, suppose that ST has a se-
cond fixed point z'. Then by (1), we have

D’(z,z,2) =D?(STz,STzZ, STz)

<o max {Di(z, STz, STz") D1(z', STZ', STz),

Di(z', ', STZ’) D4(z', 2, ST2),

Di(z', Z', z) D1(STZ, STZ, STz),

Di(z', STz, STz) D(TZ, TZ, T2)}

=a max {D.(z', ', ') D«(z, Z, 2),

Di(z', Z', ) Dy(Z, z, 2),

Di(zZ', Z, 2) Dy(z, Z', 2),

Di(z', Z', 2) Dy(TZ', TZ, T2)}

=amax{D? (z, Z,2), Di(z, Z,2) D, (TZ, TZ, T2)}
which simply yields

(5) Di(z',Z', 2) o Do(TZ, TZ', T2).

Now, using (2), we get

D3 (Tz, Tz, Tz) =D (TSTz, TSTZ, TSTz)

<o max {Dx(Tz', TSTZ', TSTZ') D(TZ, TSTZ', TSTz),
D,(TZ', TZ', TSTZ') Do(TZ, Tz, TSTz),

D,(TZ', TZ', Tz) D, (TSTZ', TSTZ', TSTz),

D,(TZ', TSTZ', TSTz) D, (STZ', STZ, STz)}

=a max {D(Tz', Tz, Tz’) D,(TZ, TZ, Tz),

DTz, TZ', TZ’) Dx(TZ, Tz, T2),

Dy(TZ', TZ', Tz) D,(TZ', TZ, T2),

Dx(Tz', TZ, Tz) Dy(Z, Z, 2)}

< o max {Dg (Tz', Tz, Tz), Dy(TZ, TZ', Tz), Dy(Z, 7,
2)}

which implies

(6) Do(TZ, TZ', Tz) < o Dy(Z', Z', 2)

From (5) and (6), we have

D.(z', 7, 2) < a? Dy(Z, 7', 2) < Di(Z, Z, 2)

a contradiction. Therefore z = 7'.

Similarly, we can show that w is a unique fixed point
of TS. This completes the proof of Theorem 1.

On taking (X, D1) = (Y, D;) = (X, D) in Theorem 1,
we immediately have

COROLLARY 1: Let (X, D) be a bounded and com-
plete D-metric. Let S and T be self-mappings of X
satisfying the inequalities
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(7) D*(STx, STX, STX") < o max {D(x, STx, STX)
D(x, STX', STX"),

D(x, X', STX) D(x', X", STX"),

D(X, X', X") D(STx, STX', STx"),

D(x, STx', STX") D(Tx, Tx', TX")}

(8) Dy(TSy, TSy, TSY") < a max {D(y, TSy, TSy)
D(y', TSy, TSy"),

D(y. y, TSy) D(y, y", TSy"),

D(y, ¥, y") D(TSy, TSy, TSy"),

D(y', TSy, TSy") D(Sy, Sy, Sy")}

forall x, X', X", y, ¥, y"inX,where0<a<landifT
is continuous, then ST has a unique fixed point z and
TS has a unique fixed point w in X. Further, Tz = w

and Sw =z and if z = w, then z is the unique common
fixed point of S and T.
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