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ABSTRACT: In this present paper we have establish some generalized Banach fixed point theorems on complete
Cone rectangular metric spaces. Here we have proved fixed point theorems by taking f, g, h are self mappings from

X into itself.
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INTRODUCTION: Recently H. L. Guang and Z.
Xian introduced a new metric space known as cone
metric spaces. Subsequently A. Azam., M. Arshad and
I. Beg have given the idea of cone rectangular metric
space. We will introduce new results on cone rectan-
gular metric space.

Let E is a real Bench space and P is a subset of E. P is
called a cone if and only if it satisfies the following
conditions

i) P is closed, non empty and P = {0}
iija,beRanda,b>0. uyveP=au+bveP
iijuePand-ueP=u=0.

Definition: Let X be a nonempty set. Suppose that d
is a mapping from X x X — E, satisfies,

dXx y)>0, VX yeX
ii)d(x,y)=0ifandonlyifx =y

i) dx y)=d({,x),VxyeX

v)dXxy)<d(Xx z)+d(z,y),VXxyze X

Then d is called a cone metric on X and (X, d) is
called cone metric space.

Definition: Let X be a nonempty set. Suppose the

mapping d : X x X — E, satisfies

)o<d(xy); VxyeXandd(x,y)=0ifandonlyif
X=Y.

idxy=dy,x),VxyeX

idxyy<dxw+dwz+d(zy),V x,ye X
and for all distinct point w, z € X - {X, y} [rectan-
gular property]

Then d is called a cone rectangular metric on X, and
(X, d) is called a cone rectangular metric space.

Definition: Let {x,} be a sequence in (X, d) and x e
(X, d). If for every c € E, with 0 << c thereisn, € N

35

such that for all n > n,, d (X, X) << ¢, then {x,} is said
to be convergent and converges to X.
i.e. lim x, = x

n— oo
Definition: A sequence (X,) is said to be Cauchy in X
if for c € E with o << c there is n, € N such that for
all n, m>n,, d (Xn, Xn) << ¢ then {x,} is called Cauchy
sequence.

Definition: A cone rectangular metric space is said to
be complete cone rectangular metric space if every
Cauchy sequence in X is convergent.

RESULTS:

Theorem 1: Let (X, d) is a complete cone rectangular
metric space and P is a normal cone with normal con-
stant K. Let f is self mapping from X into itself satis-

fying,
d(fx,fy) < a

o, e (0, 1) and 0O<

Lo ACTD 4 g d(yfy) V X,y € X,

<1, Then f has an unique

1-p

fixed point in X.

Proof: Let X, € X be an arbitrary point in X. Let us
take a sequence {x,} in X such that,

Xney = X, = fxn+1 ,neNuU{0}.

Now substituting X = X, and y = X; in inequality we
obtain:

d(xg, x1)+d(xg.fxo)
: + B d(x1,f x1)

d(fo, X)) < o
= dx,, ;) < o Lo Tl AC1) g iy, x,)

= d(le X2) <a d(Xo, Xl) + B d(Xl, X2)
= (1-B)d(xs, X2) < o d(Xo, X1)
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a

=d(Xy, X2) < % d(Xo, X1)

Let us take = h then from above inequality we

obtain:
d(x1, X2) <h d(Xo, 1)
Again for x = x; and y = x; in inequality we get,

d(le fXg) <a d(xqy, x3)+ dlxqfx1) n B d(Xllf )(1)
d(XZV X3) S a d(x1 y x2)2+ d(xl,xz ) + B d(lexs)
= (1- B) d(Xz, X3) < o d(Xy, X2)

d(le X2 )

a
= d(xz, X3) < 1

= d(Xz, X3) Sh?d(Xg, X1)  ====mmmmmmemm-
Continuing the same process we obtain in general for

neN,

d(Xn, Xn+1) < h" dXo, X1 - (1.3)
Now for n > m we can find that,
d(Xn' Xm) < (hn—l + hn—2 + hn—3 + hn—4 + hn—5 e hm )
d(Xo, X1)

= 0 Xn) S5 Ao, X1) e (1.4)
Taking the normality of Cone, (1.4) gives,

hm
IO, X )ll < K | 7 Ao, %) I
hm

= [l d(%o, Xm)Il < K[| 7=~ [l1d(Xo, Xy ) [|-=-=--=- (1.5

Which yields,

[| d(Xn, Xm)|| — 0 as n, m —o0 andlh_—h — 0.

Now we will claim that our inequality satisfies the

rectangular property for finding the fixed point in X.

Because of this we will calculate the following results.
Fory e X we have,

d(fx,£x) < o LTI g g5y, x)

= (1- B)d(fx,Px) < o d(x,x)

a

= d(fx,Px) < 1= 4B s

Let us take 0<

=h<1, then the inequality (1.6)

gives,

= d(fx,x) < h d(x,x)
Again we have,

d(Px,Fx) < o WELIAURITE) 4 g oy )

o

= d(Px,Fx) <
1-p

d(fx,x)

We have taking h = %
1-p

d(Px,Px) < h d(fx,fx)

= d(x,Fx) < h hd(x,fx)

= d(x,Fx) < h®d(x,fx)

Now continuing in this same technique we obtain in
general for positive integer
= d(f'x,f""x) < h"d(x,fx)
Now from rectangular property we have for x € X,
d(fx,F'x) <d(fx,Fx) + d(Px,Fx) + d(Fx,f'x)
= d(fx,Fx) <hd(x,fx) + h? d(fx,’x) + h*d(fx,fx)
= d(fx,F'x) <X3_, ht d(x,fx)
Similarly,

d (f2y, foy)<d (f2y, f%y) + d (f3y, f*y) + d (f4y, o)

< hd(y fy) + K°d (y fy) + h'd (y, fy)
4
< h'd (y, fy)
i=2
Thus in general for n > m we obtain from Lemma of
[4, 6]
d(f'y, f"y) < (""" +h"?+ h" + ———h")d (y, fy)
hm
< d , f
SO
Now for X, =y € X,we obtain,

d (f"x,, f"x,) <

m

1-h
1-h
Applying the normality of cone we obtain,

hm
Ild (X, X)) I < Kold (g x) I

1-h
Which implies that  ||d (Xn, Xm)|| — O
=d Xp, Xm) — 0
As X is complete cone rectangular metric space then
there exists a point x in (X, d) such that, X, > x as n

— 00

d (X, x,)

= d (X, X,) <

d (X, x,)

Now d (X, X)) = d (fXqe1, %) — 0 asn, m— o
Now  d (Xn+1, PXn+1) = d (X, TXns1)
d(xn,xn Xn fx.
<o AN frine) + B d(Xn+1,f Xn+1)

2
A(x3n xn+1 )+d(xy

’ . )
=d (Xn+1:fxn+1) <o 2 il

+Bd(xn+lxxn+2)
=d (Xn+1: an+1) < oad (Xn: Xn+1) + B d(Xn+1nxn+2)

d (Xn+1,f Xn+1) (l'B ) S o d (Xn, Xn+1)
Now letting n—oo we obtain from the above inequali-

ty,

dXxfx) (IB)< ad(xXx)

= d(xfx) (1-p)<0
Now applying the normality of cone we have,

(1-2a)K]|d (x, fx)[[ <0
Which is a contradiction as (1-f ) >0 and d (x,fx) >0
therefore it is only possible that,

d(xfx) =0
= fx =x (1.11)

Hence x is a common fixed point of f in X. Now we
will prove that x is unique. If possible let there exists
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another fixed point x' of f in (X, d).
X =x

d(x, x") = d (fx, fx)

d(X,X’) < d(x,x )+2d(x,fx )

Then
+ B dx’,fx’)

= dXxx)<a —d(x’x'); dbx) 4 B d(x*,x7)

= d(x,x") <o d(xX’,X)
1-0)dxx)<0

Again applying the normality of cone we have,

(1-2a)K]|d (x, x)|<0
Again a contradiction as (1-p)>0and d (x,fx) >0
therefore it is only possible that,

dx,x) =0

= X=X
Hence x is a unique common fixed point of f in X.
Theorem 2: Let (X, d) is a complete cone rectangular
metric space and P is a normal cone with normal con-
stant K. Let fand g are self mapping from X into itsel f
satisfying,
d(fx,gy) < a d(xy) + Bd(x,f) + v d(y,gy) ¥V xy € X
and o,p, vy € (0,1) also (1- o) ,(1- B) , (1- )€ (0,1)
and % €(0,1)Then f an g has unique common fixed
point in X.

Proof: Let x,, yq are arbitrary point in X. Let us Con-
sider the sequences {xp} and {yp} in X such that,

Xp = Xo1and Xp41 = 0%
Substituting X = X, and y = x; in above inequality we
obtain,

d(Xl,Xg) = d(fxo,gxl)
< a d(Xo,X1) + Bd(Xo,fXo) + v d(X1,0%1)
- d(X1,X2) < o d(Xo,X1) + Bd(Xo,X1) + v d(X1,%2)
—(1- ) 0 Xe) = (o + B)d(xo,xa)
_, (%) < T2 d(ox)
— d(Xl,Xg) < h d(Xo,Xl)

Where 0< h = gq ------------------- 2.1)
Again we have for x, x3 we have,
- d(XaXs) <h? d(Xo,Xg)  -me-mmemmmmeeeeeees (2.2)

Continuing similar method we get,

— d(XnXns1) ShMd(XoXg)  memmeemmeemeeeneees (2.3)
Now for n > m we can find that,
d(Xn' Xm) < (hn—l + hn—2 + hn—3 + hn—4 + hn—5 e hm)
d(Xo, Xl)

= (X Xm) S5 (Ko, Xg)  weoeeeemeeeeeees (2.4)
Taking the normality of Cone, (1.4) gives,

hm
Il d(xn, X )I| < K[| 72 Ao, x1) |l
hm

= |1 d(a, Xm) | < K |[ 7= I ld(X0, X0 ) | === (2.5)

Which yields,

[| d(Xn, Xm)[| — 0 as n, m —o0 and% — 0.

Which shows that x, is a Cauchy sequence.

As we have prove that the inequality of the theorem
(1.1) is satisfies the rectangular property of Cone rec-
tangular Metric Spaces, Similarly we can established
that the inequality of Theorem (2) also satisfies the
rectangular property of Cone rectangular Metric Spac-
€s.

hm
=d(x, x )< d (x, x
( n m) = l—h ( 0 1)
Applying the normality of cone we obtain,
hm
1 (X, o) Il < = K ld (%o, x,) I
Which implies that  ||d (X,, Xm)|| — 0

=d Xp, Xm) — 0
As X is complete cone rectangular metric space then
there exists a point
xin (X, d) such that, X, — X asn— oo
Now d (X, X)) = d (fXy41, %) — 0 asn, m— o0
Now  d (fXn1, Xns1) = d (fXe1, OXnsa)

< 0 A(Xn-1,%n) + Bd(Xn-1,MXn-1) + ¥ d(Xns1,0%n+1)

< o d(Xp-1,%n) + Bd(Xn-1,MXn-1) + v d(Xns1,Xn)
Now letting as n — o we have from the above in
equality,

d (fX, X) < a d(x,x) + Bd(x,fx) + v d(x,X)

= d (fx, x) < Bd(x,fx)

=(1- B) d (fX, x) < 0 which is not possible as
(1- B) >0 and d (fX, x) >0.Thus only possible that
d (fx, X) =0 that is implies that fx = x. Therefore we
have that fx has the fixed x point in X.
Again we have,

d (Xn, 9%n) = d (FXn-1, OXn)

< a d(Xn-1,%n) + Bd(Xn1,MX%n-1) + ¥ d(Xn,0%n)

< & d(Xp-1,Xn) + Bd(Xn-1,Xn) + 7 d(Xn+1,%n)
Now letting as n — o we have from the above in
equality,

d (x,g x) < a d(x,x) + Bd(x,x) + v d(x,0x)

= d (x,9x) <v d(x,9x)

=(1- v) d (X, gX) < 0 which is not possible as
(1- y) >0 and d (gx, x) >0. Thus only possible that d
(9%, X) =0 that is implies that gx = x. Therefore we
have that gx has the fixed x point in X.
Hence f has the fixed point x in X and g has the fixed
point x in X.
i.e. X =x,gx=x
Lastly we prove that f and g Has the unique fixed
point in X.
If possible let there existed another fixed point X" in
X.
i.e fx =x,gx =x
Now we have from the inequality for x = xandy = x’,
d(x, x) = d(fx,gx") < a d(x,x") + Bd(x,fx) +y d(x’,gx")
which gives
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d(x, X)) <ad(x,x") + Bd(x,x) + vy d(x",x")
=d(x X) < ad(xXx)

= (1-a) d(x, x") < 0.
Again a contradiction and hence it yields
d(x, x) =0

= X=X (2.8)

Hence f and g has the unique common fixed point in
X.

Theorem 2.1: Let (X, d) is a complete cone rectangu-
lar metric space and P is a normal cone with normal
constant K. Let f and g are self mapping from X into
itself and f is commutes with g and satisfying the con-
dition,

d(fx,gy) < e d(gx,gy) + pd(fx,gx) +v d(fy,gy)
vxy € X and a,B,y e(0,1)also ££ | (1-p- v) and

-y
(1-a) €(1,0) Then f an g are unique common fixed
point in X.

Proof: Let Xy be an arbitrary point in X. Let us Con-

sider the sequences {xp} in X such that,
Xp = fXn1 = gXp,.
Substituting X = X, and y = x; in above inequality we
obtain,
d(x1,%2) = d(fxo,9%1)
< @ d(9%,9x1) + B{d(fXo,g%) + d(fxi,9%1)}
= d(X1,X2) < & d(Xo,X1) + Bd(X1,X0) + v d(X2,X1)
=(1-7) d(X1,X2) < (& + B)d(X1,Xo)
= d(X, %) < g d(Xu.Xo)
= d(x4,X2) < hd(Xq,X0)
Where, 0< % =h <1

Again we have for x=xandy = x,
Continuing the same process we obtain,
d(Xg,X3) = d(le,gXQ)
< 0 d(gx1,0%) + B{d(fx,gx) + d(fx2,0%)}
= d(X2,X3) < o d(X,X2) + Bd(X2,X1) + v d(X3,X2)
=(1-7) d(%2,X3) < (o + B)d(X1,X2)
= d(XaXs) < g d(x,%2) = h d(¥o,%2)

= d(X2,Xs) < h? d(Xo,X1)
Continuing the same process we have for the positive
integer n,

= d(Xn,Xn+1) < h" d(Xo,X1)
Now applying the normality of cone we obtain from
the above inequality

l1d(xn, Xne1) | <K " d(Xo,%4) ||
Letting n —o we have from (2.1.4),

[|d(Xn,Xn+1) [ — O

= X, is a Cauchy sequence and since X is complete
cone Rectangular Metric Spaces then x, converges to
point xin X.

Now we claim that our inequality satisfies the Rectan-
gular property.

38

From rectangular property we have for x € X,

d(fy,f'y) <d(fy,Fy) + d(Fy,Fy) + d(fy,fy)
= d(fy,f'y) <hd(y.fy) + h* d(fy,Fy) + h°d(Fy,Fy)
= d(fy,f'y) < Xi., h' d(y.fy)

Similarly,

d (2, °y)<d (f2y, £3y) +d (£, fy) +d (fy, fy)
<hd(y, fy) + h’d (y, fy) + h'd (v, fy)
<h'd (y, fy)

Thus in general flc;r n > mand from Lemma of [4,6]

d(fy, f"y) < ("™ +h"2 + h"2 +———h™)d (y, fy)

hm
< d , |
<4 )
Now for X, =y € X,we obtain,
hm
d (f"x, f™x ) < d (x,, fx,
(7%, 17%) < 7 d (%, fx,)
= d (x x)<£d (X,, %)
n? m — 1—h o’ 1
Applying the normality of cone we obtain,
hm
Hd (0o X ) Il < 7 KT (Xo, x,) ]
Which implies that  ||d (X,, Xm)|| — 0

=d Xp, Xm) — 0
As X is complete cone rectangular metric space then
there exists a point x in (X, d) such that, X, — x as n
— 00
Now d (X, X)) = d (fXy41, %) — 0 asn, m— o0
Now we established that f and g has the common
fixed point.
d (Xn, 0%,) = d (fXn1, OXn)
< o d(gXn-1,9%n) + Bd(fXn-1,9 Xn-1) + v d(f Xn, OXn)
< a d(gXn-1,0%n) + Bd(Xn,G¥Xn-1) + ¥ d(Xn-1, GXn)
Letting n — oo we obtain,

d (x, gx) < Bd(x,gx) + v d(x, gx)

= (1-B- y)d (x, gx) <0
Appling the normality of cone we obtain that,
KII(1-B- v)d (x, gx)|| <0
Which is a contradiction of definition of Cone Rec-
tangular Metric Spaces and only possibility that,
d(x,gx)=0
This implies that,
X= gX

That is g has a fixed point x in X.
Similarly we can prove that f has an fixed point x in
X.

(2.1.6)

That is, x= fx. (2.2.7)
Now we prove that f and g has a common fixed point
in X.
In the very beginning we have define for commutating
mapping that,

Xp = X1 = 09X
Letting n—oo and as X is a complete cone rectangular
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metric spaces we obtain,
im0 xn = limy,_, fxn =lim,_,gxn

= x=M=gx (2.1.8)
This shows that f and g has the common fixed point in
X.
Lastly we claim that f and g has unique common fixed
point.
For which we let f and g has another fixed point y in
X.

e, y=fy=gy (2.1.9)
Therefore we have from the inequality defined in the-
orem,

d(x,y) =d(fx,gy)
< a d(gx,9y) + Bd(tx,gx) + v d(fy,gy)

= d(x,y) < o d(x,y) + Bd(x,X) + v d(y,y) applying the
equations (2.1.8),(2.1.9)

= d(x,y) < ad(xy)

=(1-a) d(x,y) <0
Applying the normality of cone metric spaces we ob-
tain,

=K]|(1-a) d(x,y)I <0

Which is a contradiction and only possibility that x =y.
Hence f and g has the unique common fixed x point in
X.

Theorem 2.2: Let (X, d) is a complete cone rectangu-
lar metric space and P is a normal cone with normal
constant K. Let f, g and h are self mapping from X
into itself and f is commutes with g and h satisfying
the condition,
d(fx,fy) < ad(gx,gy) + Bd(fx,gx) + vd(fy.gy)

+ o d(fx,hx) Vvxy € X and o,B,ye( 0,1)also
16_:5 and (1-0)e(1,0) Then f, g and h are unique
common fixed point in X.

Proof: Let Xy be an arbitrary point in X. Let us Con-
sider the sequences {xp} and {yp} in X such that,
Yn = X1 = 90Xy,

and, Yn.,= o = hxn+1,
Now we have from the inequality defined above for x
=Xpp andy = X,
d(yn: yn+1) =d(fXn.1, TXn)
< 0 d(g%1,0% ) + B d(f Xn1,0%1) + v d(fX,0%) + ©
d(xn,hxy)
<0 d(Yn,Yn) + Bd(Yn,Yn-1) + ¥ d(Yne1,Yn) + 6 d(Ynes,Yn)

= d(Yn, Y, )(A-v-0) < (L+B)d(Yn-1,¥n)

= d(Yn: yn+1) < %d(yn_l,yn)
a-B

Taking h= Iy

d(yp, yn+1) < hd(Yn-1,Yn)
For m>n we have,
Now from the triangular property of cone metric spac-
es we have for m>n

we have from above inequality,

39

d(yp, yn+p) < d(Yn, Yn+1) + d(Yns1, Ynsp)

< d(yn yn+1) + d(yn+1, yn+2) + d(yn+2, yn+p)

< d(Yn, Yn+1) + AYne, Yne2) + A(Yns2, Yoea)+ d(Ynss, yn+p)
< d(Yn, Yner) + A(Yner, Yoe2) + A(Yoez, Yoez) + d(Ynes,
Vi) covvnveenenens0Wnep-1, Yoep)

< ( "+ h" 14 hn+2 + hn+3 + hn+p) d(yO, yl)
<h"(l+h+h*+p’ +h°) d(yo, y1)

hn
= d(Yn, Yn+p) S d(yo, y1) = (2.2.2)
Taking the normality of Cone, (1.5) gives,
hn
Il d(yn, Ynep)Il < K |1 1=, A(¥o, y2) I
hn
= |1 dlyn, ym)Il < K|l 7= Il ld(yo, ya) | === (2.2.3)

Which vyields,
Il d(¥n, ym)I| — 0 as n, m+p —o0 and 2— — 0.

= Yy is a Cauchy sequence and since X is complete
cone Rectangular Metric Spaces then y, converges to
point yin X.
Similarly we can claim that our inequality satisfies the
Rectangular property.
Now we prove that fy and gy has a common fixed
point in X.
Now we have from the inequality,
d(Xn-1,Yn+1) = d(FX-1,TXn)
< 0d(9%n-1,%n) + Bd(fXn.1,g Xn-1) + ¥d(fXn,0%n)
+0 d(an_l,h Xn-l)
= d(fXq-1,Yn+1) < @ d(@X%n-1,0%) + Bd(fXq1,9 Xn-1)
+vd(fXn,0%,) + 6 d(fXq.1,h Xo.1)

= d(an-l,Yn+1) < (ld(Yn-llyn) + Bd(fxn—llyn—l) + 'Yd(ﬁ(n—
1,yn) to d(fxn—llyn—l)
Now letting n —o we obtain,
d(fy.y) < ad(y,y) +B d(fy.y) +v d(fy,y) + o d(fy.y)
This gives,

d(fy,y){1- (B+y+8)} <0
Which is a contradiction of definition of cone rectan-
gular metric spaces and as {1- (B+y+d)} < (0, 1) and
hence we have,

d(fy,y)=0

= fy=y - (2.2.5)
Similarly we can show that,

gy=y e (2.2.6)

Therefore we can conclude that f and g has the com-
mon fixed point y in X.

Lastly we claim that y is unique.

If possible late y is not unique. Let y* is another fixed
point of fand g in X.

i.e. fyx =y« and gy* = y=*
Now we have from the inequality condition,

d(fy,fy*) < a d(gy.gy*) + Bd(fy,gy) + yd(fy=,gy*) + o
d(fy.hy)

= d(y,y*) < a dy,y) + pd(y,y) +vd(y=y*) + o d(y.y)
= d(y,y*)(1-a) <0

Again a contradiction and hence only possibilities
that,
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d(y.y*)= 0

=y=y* (2.2.8)
Hence y is the unique common fixed point of f, g and
hin X.

CONCLUSION: In this research paper we have Re-
alize that the self mappings f, g and the Commutating
mappings f, g, h satisfies the concept of Banach fixed
point condition and Cone rectangular inequality. All
the self mapping and commutative mappings are an
effective part to find out the existence of fixed point
on complete cone Rectangular metric spaces
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