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INTRODUCTION: The set valued functions which 
assign to each element t of a measurable space T, a 
subset of a topological space X in a manner satisfying 
any one of several possible definitions of measurabil-
ity are called measurable relations4. Various develop-
ments in mathematical economics and optimal control 
have led to the study of the measurability of multi-
valued mappings8. 
Himmelberg4, while studying measurable relations in 
1975, considered the general situation where T is an 
abstract measurable space and X is separable metric. 
Several authors Aumann1, Castaing2, Debreu3, Ja-
cobs5, kuratowski and Ryll-Nardzewski6, McShame 
and Warfield7, Rockafellar8, Van Vleck and 
Himmelberg10 have studied extensively different as-
pects of measurability of multifunctions. 
Extending the work of Himmelberg4, we have consid-
ered the case of measurable relation corresponding to 
upper semi continuous functions. Soni and Mishra9 
have studied the case when the topological space T is 
measurable under Borel σ - algebra of open sets of T 
and X is a separable metrizable space. Here our pur-
pose is to investigate the case of weak measurability.  
In section 2, we give most of the necessary definitions 
and terminology, and state without proof some trivial 
but often required properties of measurable relations 
in the subsequent section of our main result. 
 
Definitions and some elementary properties: 
Throughout the paper, T will denote measurable apace 
with Borel σ- algebra ß(T) and X is a separable 
metrizable space.  

1. For the mapping F: T→X, if for each closed subset 
B of X, The set  

F-1(B) = {t Є T:F(t) ∩B≠Ø} Єß(T)  

Then the multifunction F is said to be measurable.  
Also, it is said to be weak measurable, if  

F-1(G) = {t Є T:F(t) ∩G≠Ø} Єß(T) 
For any open subset G of X.  

2. Let F: T → x be a multifunction, then F is upper 
semi continuous (u.s.c.) if for each closed subset B of 
X  
F-1(B) = {t Є T: F(t) ∩B≠Ø} is closed 

And F is lower semi continuous (l.s.c.) if for every 
open subset G of X   

 F-1(G) = {t Є T:F(t) ∩G≠Ø} is open. 

3. Let J be an atmost countable set and let Fn: 
C→P(X) be a usc relation for each n ε j, where c is 
compact subset of topological space T and P(X) is the 
collection of subsets of topological space X, then 
i) ⋃ ௡ :௄ܨ

௡ୀଵ   T→ x  is also upper semi continuous  
ii) ∏  ௡ܨ

௞
௡ୀଵ : C→P(XJ)  is also upper semi continuous 

4. Let J be an atmost countable set and let ܨ௡ : T→X 
be a relation for each n ε j. Then  
i) If each ܨ௡  is measurable (weak measurable), so is 
the relation ⋃ ௡ :௡ܨ   T→ x defined by(⋃ (ݐ) ( ௡ܨ =௡
 ݀݊ܽ  ;ݐ ݊ܨ݊ 

ii) If X is second countable and each Fn is weakly 
measurable, then so is the relation, ∏ ௡ ௡ܨ : T→(XJ)  
defined by:  
(∏ ௡ )௡ܨ  (t) = ∏ ௡ ௡ܨ  (t) 
 
Measurability in the presence of upper semi conti-
nuity: 

We turn now to special criteria for the measurability 
of multi valued mappings ܨ௡ : T→ ௞ܲ  (x) and state the  
main result as:  
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Theorem: Let ܨ௡ : T→ ௞ܲ  (x) be multivalued func-
tions, T be a topological space with Borel σ – algebra 
of open subsets of T, X be a σ - compact metrizable 
space and ௞ܲ  (x) be a set of compact subsets of x. Let 
each ܨ௡  be usc, then 
(a) ⋃ ௡ :௄ܨ

௡ୀଵ   T→ x, defined by [⋃  ௡ܨ
௄
௡ୀଵ ]  (t) = 

⋃  ௡ܨ
௄
௡ୀଵ (t) is measurable. 

(b) ∏  ௡ܨ
௞
௡ୀଵ : T→(XJ), defined by [∏  ௡ܨ

௞
௡ୀଵ ] = 

∏  ௡ܨ
௞
௡ୀଵ   .is weakly measurable (ݐ)

Proof: Applying the compactness of each  ܨ௡ (t) we 
get for any closed subset B of X,   
⊃ ௡ (t)ܨ :T – {t = {௡ (t) ⊂ X-Bܨ :t}-௡ିଵ (B) = Tܨ
⋃ ௡  ௡ܣ = T-⋃௡ {t:F(t) ⊂ = ௡ܣ ௡ }.  {Whereܣ ܺ −
 {ܤ
Hence ܨ௡  (B) is measurable.  
Applying 3(i); F=⋃  ௡ܨ

௡
௡ୀଵ  is also u.s.c. and (a) holds.  

Further, since each ܨ௡  is measurable having compact 
values, then by hypothesis each ܨ௡ will be weakly 
measurable.  
Applying 4(ii), we get: 

∏  ௡ܨ
௞
௡ୀଵ : T→XJ, defined as  [∏  ௡ܨ

௞
௡ୀଵ ] (t) = 

∏  ௡ܨ
௞
௡ୀଵ   .is weakly measurable (ݐ)
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